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Abstract. We present a novel numerical modeling of ultrasonic Lamb
and Rayleigh wave propagation and scattering by through-thickness de-
fects like holes and slots in homogeneous plates, and its experimental
verification in both near and far field by a self-developed pulsed TV ho-
lography system. In contrast to rigorous vectorial formulation of elasticity
theory, our model is based on the 2-D scalar wave equation over the
plate surface, with specific boundary conditions in the defects and plate
edges. The experimental data include complex amplitude maps of the
out-of-plane displacements of the plate surface, obtained by a two-step
spatiotemporal Fourier transform method. We find a fair match between
the numerical and experimental results, which allows for quantitative
characterization of the defects. © 2010 Society of Photo-Optical Instrumentation
Engineers. DOI: 10.1117/1.3484953
Subject terms: pulsed television holography; nondestructive testing; ultrasonics;
elastic waves; plates.
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ltrasonics is one of the classical and most powerful tech-
ologies for nondestructive testing NDT and evaluation
f plate-like structures in industry.1 In the last few decades,
ue to simultaneous advances in theoretical studies of elas-
ic wave propagation and scattering, and developments of
umerical techniques for obtaining approximate solutions,
ssessment results of ultrasonics NDT have been progres-
ively more quantitative in an increasing number of
pplications.2 Currently, ultrasonics hold a privileged posi-
ion as a high performance NDT branch and are becoming
ncreasingly competitive, incorporating the newest trans-
ucer technologies and information processing schemes.
ne of the most relevant emergent technologies is optical
robing of ultrasound3 that adds to the well-known classi-
al benefits of ultrasonic techniques deep-penetration ca-
ability with a high degree of interaction with flaws or
nhomogeneities, wide temporal bandwidth, high informa-
ion content, etc., new potentials typically associated with
ptical techniques remote operation capability avoiding
ontact- or fluid-coupling, high lateral spatial resolution, or
he possibility to perform inspections in very small or inac-
essible areas.4
In our case, we have demonstrated that the nondestruc-
ive inspection of plates can be performed by using 2-D
coustic fields of instantaneous out-of-plane displacements
btained with a self-developed pulsed TV holography
ystem.4,5 The ultrasonic 2-D field maps the elastic wave
cattering patterns that contain information related to de-
ects position, dimensions, orientation, etc.. For obtaining
091-3286/2010/$25.00 © 2010 SPIEptical Engineering 095802-
Downloaded from SPIE Digital Library on 25 Oct 2010 to 13a quantitative characterization on this basis, the most direct
and reliable possibility would be to adapt to our system
output one of the existing numerical schemes based on the
vectorial linear theory of elasticity Refs. 6–11. Neverthe-
less, selection among this wide spectrum of possible mod-
els and its subsequent adaptation is far from being direct
in our case, and the main reasons are two-fold. On the one
hand, in contrast to more classical ultrasonic schemes
pulse-echo or pitch-catch classical configurations that
provide outputs with high temporal resolution and low spa-
tial information content, our system presents complemen-
tary characteristics providing information with high spatial
resolution, i.e., a large number of spatial samples about
106 at a much smaller number of temporal samples typi-
cally eight. On the other hand, the field of view of the
detected 2-D scattering pattern includes both near- and far-
field zones and includes tens of ultrasonic wavelengths,
which means that the modeling of the wave propagation
and interaction has to be adequate within the mid-high fre-
quency range. These two features invalidate or limit the
applicability of many existing approaches that have been
designed for high temporal resolution outputs and/or low
frequency regime.
An alternative to vectorial models is to employ simpli-
fied theories as the basis for numerical or analytical ap-
proximations. These types of models that are valid only for
a limited number of situations but that occur often in prac-
tice could have wide applicability. In particular, plate theo-
ries have been employed for analyzing the scattering of
guided waves by cylindrical inclusions in plates12,13 show-
ing good agreement in the near field when compared with
experimental 2-D ultrasonic field distributions detectedSeptember 2010/Vol. 4991
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Oith scanning optical heterodyne interferometry14 or
hearography.15 Also, a 2-D scalar model has been em-
loyed for solving the inverse problem of scattering by cy-
indrical inclusions in plates using experimental data ob-
ained with a whole-field TV-holography technique close to
urs.
16 Reported results in Ref. 16 also include the presen-
ation of near- and far-field simulated scattering patterns for
ifferent defect types, but a direct comparison between
imulated and experimental ultrasonic field values is not
resented.
In this work we present a novel numerical modeling of
ltrasonic Lamb and Rayleigh wave propagation and scat-
ering by through-thickness defects in homogeneous plates,
nd its verification by comparison with experimental com-
lex amplitude maps of the out-of-plane displacements of
he plate surface obtained by a self-developed pulsed TV
olography system combined with a two-step spatiotempo-
al Fourier transform method. We introduce the theoretical
ramework for modeling in the harmonic regime, and out-
ine the state of the art numerical method employed for
btaining simulated scattering data. The procedure for ob-
aining experimental data by TV holography, combined
ith the two-step spatiotemporal Fourier transform method
hat has been described in detail in previous works see
efs. 4, 5, 17, and 18, is only briefly outlined here, includ-
ng essential points for completeness. Comparison between
xperimental and simulated scattering patterns of narrow-
and guided waves with holes and slots in aluminum plates
hows a fair match, both in near- and far-field zones, which
llows a subsequent quantitative characterization of the de-
ects on this basis. To the best of our knowledge, apart from
ur corresponding recent presentation in a congress,19 this
s the first time that such a comparison is reported.
Theoretical Framework
.1 Linear Elasticity Theory
he basic relations of linear elasticity theory20 are included
ere to establish notation and the framework of the simpli-
ed scalar model presented later in Sec. 2.3. Referring to
he geometry of Fig. 1, x1 ,x2 ,x3 denote cartesian coordi-












   

ig. 1 Scheme of a plate of thickness 2h with a cylindrical defect of
iameter D and residual depth e. As an example, a detail of the
nstantaneous surface displacement associated to an harmonic
uided wave that propagates along axis x1 with wavenumber k is
hown.1 2 3
ptical Engineering 095802-
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1
2 uixj + ujxi  , 1
are the components of the strain tensor  for the small
infinitesimal strain regime. In the case of a linear isotropic
solid, its material characteristics can be specified only by




kk + 2Lij , 2
with ij being the stress tensor components and ij the Kro-
necker delta. In the following we restrict ourselves to har-
monic time dependence in such a way that for a single
temporal frequency f we have
ur,t = Reuˆr,t = Reuˆmrexpj2ft , 3
with uˆ being the complex displacement, uˆm the complex
amplitude vector of the wave, and j the imaginary unit. In
these conditions, employing Eqs. 1 and 2 in a balance
momentum equation for a region free of body forces results
in
L + L   · uˆm + L2uˆm + 2uˆm = 0, 4
where  is the mass density and =2f is the circular
frequency. Equation 4 is the well-known Lamé-Navier
equation for a harmonic regime. Displacement u associated
by Eq. 3 to any complex amplitude uˆm that is the solution
of this equation can be discomposed in longitudinal uL and
transversal uT components that propagate respectively with
phase velocities






2.2 Guided Waves in Plates and the Two-
Dimensional Helmholtz Scalar Equation
Wave propagation in plates is usually analyzed in terms of
particular combinations called modes of longitudinal and
transversal displacement, characterized by transversal sta-
tionary displacement distributions.20 For a given temporal
frequency, each mode travels along a direction contained in
plane x1 ,x2 with a characteristic phase velocity  /k, with
k being the corresponding wavenumber of the mode. In the
most common case of plates with stress-free boundaries,
modes can be classified into two groups: the so-called hori-
zontal shear SH modes that have displacement vectors
uSH parallel to plane x1 ,x2, and the Lamb modes, with
displacement vectors uSV that have in-plane and out-of-
plane components see Fig. 1 and are characterized by the
frequency spectrum represented in Fig. 2.
SH modes can be described in terms of one scalar po-
tential, but Lamb modes are usually described by using
scalar and vector potentials simultaneously see Ref. 20.
Recently, an alternative has been developed by AchenbachSeptember 2010/Vol. 4992
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Ohat describe Lamb modes with only one scalar potential 	
nd two 1-D functions Wnx3 and Vnx3 that characterize
ransversal shapes for the mode labeled n.21 The out-of-
lane component is simply given by un,3=Wnx3	x1 ,x2.
ence, as the scalar potential 	x1 ,x2 verifies the 2-D sca-
ar Helmholtz equation in plane x1 ,x2, it is evident that
or each mode n, the equation
2uˆn,3m + kn
2uˆn,3m = 0, 7
s also verified for any plane x3=constant within the plate.
n the following, the symbol 2 denotes the 2-D Laplacian
perator in x1 ,x2, and kn the Lamb wavenumber for mode
.
.3 Scattering of Guided Waves in Plates by
Through-Thickness Defects
t this point we restrict the scope of the analysis to scat-
ering phenomena generated by defects with 2-D geometry
as the case of a through-thickness hole with residual depth
=0, see Fig. 1. In these conditions, plate geometry is 2-D,
n the sense that it depends only on x1 ,x2 coordinates.
hen scattering is produced in conditions in which only
ne propagating Lamb mode contributes to u3, then Eq. 7
an be employed. Following the approach of Ref. 16, we
ssume that this is the case.
Then, if 
 denotes the boundary of the 2-D through-
hickness defect and uˆ3m denotes a complex amplitude as-
ociated to the out-of-plane component u3x1 ,x2 ,h of the
cattered field, we can model our problem by means of the
artial differential equation,











here g is a function defined on 
. Stress-free conditions at
efect boundaries imply conditions on the spatial deriva-
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ig. 2 Frequency spectrum of Lamb modes for a plate with stress-
ree boundaries. =2h /cL and =2hk / are the normalized fre-
uency and wave number, respectively.ptical Engineering 095802-
Downloaded from SPIE Digital Library on 25 Oct 2010 to 13rivatives of the incident field. For this reason, a generic
Neumann boundary condition is stated.
The validity of this model can be justified a posteriori
on the basis of the comparison of model results with ex-
perimental data. Nevertheless, and although it is not the
objective of this work to justify the model in Eq. 8 and its
conditions of applicability from fundamental equations of
linear elasticity in Eqs. 1–4, we provide a brief a priori
justification of our assumption for the case of through-
thickness defects. This can be done by referring to an ana-
lytical model based on the Achenbach approach for describ-
ing the scattering of Lamb waves by cylindrical holes in
plates.22 In particular, it follows from the theoretical discus-
sion presented in this reference that an exact description of
the scattering processes under consideration requires ad-
equate account of mode conversion and appearance of SH
and Lamb evanescent modes, which result from the stress-
free boundary conditions and associated interactions of the
incoming waves with the cylinder boundary. Nevertheless,
for defects with 2-D geometry, modal conversion occurs
only between in-plane components. This means that u3 dis-
placements for Lamb modes are not mixed with contribu-
tions of SH modes. Also, a few wavelengths away from the
defect, contributions of the evanescent modes are not rel-
evant. Provided the evanescent modes are also small in the
neighborhood of the cylinder boundary, the out-of-plane
component can be described everywhere as a superposition
of incident and scattered Lamb modes. When only one
propagating Lamb mode contributes to the out-of-plane
component, the Helmholtz equation is completely justified.
When several Lamb-mode contributions exist of a given
fixed frequency, the same can be stated as far as the cor-
responding Lamb wave numbers are nearly coincident. This
is the case of Rayleigh waves that can be understood in the
context of guided waves in plates as a superposition of S0
and A0 modes in their overlapping zone of the spectrum
see Fig. 2.
3 Materials and Methods
3.1 Test Plates
Experiments were performed in aluminium plates with di-
mensions 30010010 mm3 and with through-thickness
holes and slots adequately prepared. The longitudinal wave
velocity was measured by means of the classical pulse-echo
method, resulting in cL=6358 m /s.
Areas without defects were employed for analyzing the
incident field. Boundary conditions were studied employing
the edge of the plates. In all cases, plates were supported so
that the constraints at their surfaces are minimized; they
simply rest on a horizontal board covered in velvet fabric.
Plasticine was used as an acoustic absorber at the edges of
the plates to avoid reflections of the incident and scattered
waves that could disturb the measured acoustic fields
Fig. 3.
3.2 Experimental Setup and Procedure for
Obtaining the Experimental Complex Amplitude
The layout of the experimental system used to generate and
detect the elastic waves is depicted in Fig. 4.
Rayleigh waves were generated by means of the classi-
cal wedge method, in which the longitudinal wave emittedSeptember 2010/Vol. 4993
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Oy a piezoelectric transducer is coupled to the plate surface
hrough a Bakelite prismatic coupling block wedge of
ngle w=65 deg Fig. 4. A long tone burst consisting of
9 cycles with a central frequency f =1.000 MHz was used
o excite the piezoelectric in a way that the generated Ray-
eigh wave trains are quasimonochromatic. Under these cir-
umstances, the stress at the plate surface caused by the
edge presents a spatial period and has a phase velocity
hat correspond, respectively, to wavelength R and phase
elocity cR of the Rayleigh wave at frequency f . The wave-
ength of the produced quasimonochromatic Rayleigh wave
R was measured with the procedure described in Ref. 23,
esulting in R=2.96 mm, so that the Rayleigh phase veloc-
ty is given by cR=Rf , resulting in cR=2960 m /s.
On the other hand, the instantaneous out-of-plane acous-
ic field u3r , t at the plate surface due to the propagation
f the Rayleigh wave train is measured with a self-
eveloped double-pulsed TV holography system,5 which
as been successfully employed to measure quasimono-
hromatic guided waves in plates with nonspecular finish a
iscussion of the advantages of TV holography compared
o other whole-field and pointwise techniques to probe ul-
rasound can be found in Ref. 4. As is common in TV
ig. 3 Reference image for a through-thickness hole e=0 of di-
meter D=12 mm.
Fig. 4 Experimental setup.ptical Engineering 095802-
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image hologram, sensitive to the out-of-plane component of
the displacement of the surface points, with the image sen-
sor of a video camera as a recording medium. There is no
optical reconstruction of the recorded holograms, but in-
stead their intensity distribution is electronically processed
to render the optical phase-difference map, which depends
on the displacements of the specimen surface. The core of
the TV holography system is a twin-cavity pulsed,
injection-seeded, and frequency-doubled Nd:YAG laser
Spectron SL404T that emits two laser pulses with a du-
ration of 20 ns and a controlled relative temporal delay. The
two pulses are employed for obtaining two correlograms
that are recorded successively in separate frames of a
charge-coupled device CCD camera PCO Kelheim, Ger-
many Sensicam Double-Shutter. Each correlogram corre-
sponds to the interference of the reference beam and the
object beam scattered back by the plate surface.
A processing procedure based on the spatial Fourier
transform method is applied to the correlograms,17 which
renders the so-called optical phase-change map r , t,
proportional to the instantaneous out-of-plane acoustic dis-





with =532 nm being the wavelength of the laser and t the
instant of emission of the first laser pulse. The usual scaling
factor 4 / between the optical phase change and dis-
placement is doubled in Eq. 9 by selecting a delay be-
tween laser pulses i.e., between the two correlograms
equal to an odd number of half-periods of the detected Ray-
leigh wave. For the case of the experiments presented in
this study, we have employed a delay of three half-periods
that is the minimum number of odd half-periods for which
the camera can record the two correlograms in different
frames.
The optical phase-change map given by Eq. 9 repre-
sents itself as a useful means to assess the interaction of the
Rayleigh wave and defect. However, a second processing
procedure based on the Fourier transform can be applied to
improve signal-to-noise ratio and calculate the acoustic am-
plitude u3mr=moduˆ3r , t and the total acoustic phase
3Tr , t=arguˆ3r , t of the Rayleigh wave, from which
the complex amplitude
uˆ3mr = u3mrexpmr , 10
of the ultrasonic field can be obtained by simply selecting
an arbitrary value of time t0, for which mr=3Tr , t0.
Our procedure,18 which consists of an improved version of
a previous method described in Ref. 17, is based on the
spatiotemporal 3-D Fourier transform of a set of optical
phase-change maps corresponding to successive instants
delayed by a quarter of the wave period. As long as the
ultrasonic waves are narrowband, most of the spectral en-
ergy is contained in a small region of the spatial frequency
plane and within a thin slice of temporal frequencies, and
can be easily filtered and inverse Fourier transformed to
obtain the mechanical amplitude and phase of the wave.
The selection of the number of maps apart from the factSeptember 2010/Vol. 4994
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Ohat it must be an integer power of 2 to employ fast-Fourier
ransform FFT algorithms stems from a compromise be-
ween the attainable improvement of the signal-to-noise ra-
io of the measured displacements and the data acquisition
ost time and computational resources. In our case, eight
ptical phase-change maps delayed 250 ns were taken in
ach experiment, and the spatiotemporal 3-D Fourier trans-
orm method was applied to the whole set. The obtained
xperimental complex amplitude is the raw data for the
omparison with numerical simulations.




ig. 5 Repeatability results. a Modulus of reference incident field,
b difference of the modulus of reference field and another equiva-
ent incident field, and c horizontal profiles of a thin and b
thick. Dimensions are in meters. Midgray level represents zero.
rayscale bars in a and b and profile amplitude in c are in units
f  /4. The axis numbering in a and b corresponds to that of
ig. 3.ptical Engineering 095802-
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To efficiently produce accurate solutions for Eq. 8, we
utilize a modified version of a highly efficient and accurate
numerical methodology introduced recently,25 which we
describe briefly in what follows.
As is well known, the unique solution of the Neumann
problem in Eq. 8 can be expressed as a double-layer po-
tential




Fig. 6 Repeatability results. a Real part of reference incident field,
b difference of the real parts of reference field and another equiva-
lent incident field, and c horizontal profiles of a thin and b
thick. Dimensions are in meters. Midgray level represents zero.
Grayscale bars in a and b and profile amplitude in c are in units
of  /4. The axis numbering in a and b corresponds to that of
Fig. 3.September 2010/Vol. 4995
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the density  is the unique solution of the first kind integral
equation
N = g . 14
Once the unknown surface density  has been obtained, the
solution uˆ3m of Eq. 8 can be produced at any point outside

 by applying numerical quadrature to Eq. 11.
Our numerical solver produces approximate solutions 
of Eq. 14 for a given right-hand side g by seeking a set of
values  jr j of the unknown  at a set of points r j
j=1, . . . ,n on the curve 
. The algorithm relies on a
highly accurate approximation of the integral in Eq. 14,
which can be obtained by appealing to an expression of the
right-hand side of Eq. 13 that only uses tangential deriva-
tives, in conjunction with interpolation of the values  by
(a)
(b)
Fig. 8 Results for the boundary conditions at the edge of the plate.
Measured profiles of the real part of the complex amplitude of the
total field for several time delays thin with the modulus envelope
thick for incident angle of a 45 deg and b 0 deg. Dimensions
are in pixels. Profile amplitude in units of  /4. All profiles include
zero displacement values for pixels outside the plate area see Fig.
7, which generates the artifact of a cone that converges to zero, just




ig. 7 Results for the boundary conditions at the edge of the plate
or an incident angle of 45 deg. a Reference image in white light
f the plate and the edge, which is the horizontal transition at pixel
00, and b, c, and d are modulus, real part, and phase of the
omplex amplitude of the total field, respectively. Dimensions are in
ixels. Midgray level represents zero. Grayscale bars in b and c
re in units of  /4. The axis numbering of a, b, c, and d
orresponds to that of Fig. 3. Note that in b, c, and d the values
re zero for pixels located outside the plate area below the edge
ransition.j
September 2010/Vol. 4996
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Origonometric polynomials, and exact differentiation and in-
egration of trigonometric monomials. To resolve high cur-
atures while taking advantage of the excellent properties
f trigonometric interpolation, the method utilizes smooth
hanges of variables that map an equispaced grid in the
nterval 0,2 to a grid on 
 that contains a high density
f discretization points r j in high curvature portions of 
.
ote, in particular, that as a result of this discretization
trategy, the density of discretization points r j varies
moothly along 
. The method then proceeds by construct-
ng a linear system of equations for the quantities  j, which
rises as the discretized version of the left-hand-side in Eq.
14 is set to equal the right-hand side of that equation at
ach point r j, j=1, . . . ,n. The algorithm is then completed
y solving this linear system by means of a numerical
mplementation of the Gaussian elimination method. It was
erified through a variety of numerical experiments, includ-
ng comparisons with exact solutions, that the solutions uˆ3m
roduced by this methodology are highly accurate, and that
he associated errors decay rapidly as discretizations are
efined.
Results and Discussion
.1 Incident Field Characterization
o know the characteristics of the incident acoustic field
nd the repeatability of the measured maps, a series of ac-
uisitions in the same conditions was performed at time
ntervals of 5 min. After processing the raw images in the
ame manner with identical parameters, the modulus Fig.
a and the real part Fig. 6a of the acoustic field were
btained. The deviations between maps Figs. 5b and
b were of the order of 20% for both amplitude Fig.
c and real part Fig. 6c. Taking into account that the
ypical value of the amplitude was about 5 nm, these values
re in accordance with a previous estimation of the noise of
he technique.4 Other features of interest are the slight cur-
ature of the wavefronts, clearly noticeable in Fig. 6a, and
nonuniform amplitude profile in a section transverse to
he main propagation direction visible as the gray-level
ariation along any vertical line in Fig. 5a. Both features
omplicate the comparison between experimental and nu-
erical results.
.2 Boundary Conditions
o gain understanding about the boundary conditions to
pply at the border of the defects, we studied the reflection
f the incident acoustic field at the straight edge of a plate
ithout defects for different incidence angles. The obtained
esults Figs. 7 and 8 approximately correspond to the su-
erposition of two plane traveling waves of similar but not
qual amplitudes, with the reflection angle equal to the
ncidence one. Although the observed boundary conditions
re neither Dirichlet nor Neumann, they are not far from
he Neumann ones i.e., g=0 in Eq. 8. So, we adopted
hem as a starting point for the numerical simulations of the
cattering patterns.
.3 Scattering Patterns
n Figs. 9 and 10, the comparison between the experimental
nd simulated scattering patterns of Rayleigh waves corre-
ponding to a hole and a slot are presented. A simple visualptical Engineering 095802-
Downloaded from SPIE Digital Library on 25 Oct 2010 to 13Fig. 9 Scattering patterns for a cylindrical hole with D=12 mm.
Comparison of complex amplitudes: a and c are experimental,
b and d are numerical; a and b are the modulus, and c and
d phase. Dimensions are in meters. Midgray level represents zero.
Grayscale bars in a and b are in units of  /4. The axis number-
ing corresponds to that of Fig. 3.September 2010/Vol. 4997
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Onspection reveals their close agreement both in modulus
nd phase. Small differences between Figs. 10a and 10b
an be observed that are most noticeable in the shadow
egion and could be associated, among other reasons, to the
eglect in our 2-D approximation of the near-field evanes-
ent modes. For quantitative comparison, the profiles along
central line of the maps, both for the total and scattered
elds, are presented Fig. 11. Even though the main fea-
ures of the scattering pattern appear well correlated, the
ixel-to-pixel agreement between maps is not as good as
heir 2-D visual matching. This is in consonance with mea-
ured noise levels. At this point, image processing tech-
iques that average or reject noise on the basis of spatial or
orphological filtering could be applied. A more compre-
ensive analysis of these issues will be addressed in future
ork, but in any case, we believe that the presented results
re enough to say that the experimental contrast of the nu-
erical simulation is positive.
Conclusions
cattering of elastic waves in plates is studied, employing
-D maps of instantaneous out-of-plane displacements
(a)
(b)
ig. 10 Scattering patterns for a slot of mean width of 4.4 mm and
ength of 24 mm. Modulus of complex amplitude: a experimental
nd b numerical. Dimensions are in meters. Midgray level repre-
ents zero. Grayscale bars in a and b are in units of  /4. The
xis numbering corresponds to that of Fig. 3.ptical Engineering 095802-
Downloaded from SPIE Digital Library on 25 Oct 2010 to 13obtained with a self-developed pulsed TV holography sys-
tem. Experimental data are compared with simulated scat-
tering patterns employing a state of the art numerical tech-
nique. The achieved agreement gives support to the
employed 2-D model. To improve the reliability of this
model, further work should be done to analyze more defect
typologies and sizes under different Lamb modes and fre-
quencies.
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